The generalisation of the four-dimensional Kerr-de Sitter metrics to include a NUT charge is well known, and is included within a class of metrics obtained by Plebanski. In this paper, we show how this can be generalised to give new Kerr-Taub-NUT-de Sitter metrics in arbitrary dimensions D ≥ 6. The solutions contain three non-trivial continuous parameters, namely the mass, the NUT charge, and a (single) angular momentum. They therefore provide generalistions of the metrics of Hawking, Hunter and Taylor-Robinson, which have no NUT charge.
Four-dimensional solutions of the Einstein equations have been extensively studied for many decades. In relatively recent times, since the discovery of supergravity and superstring theory, solutions of the Einstein equations, or the coupled Einstein-matter equations, in higher dimensions have also been found to be of physical interest. An encyclopaedic classification of all the known four-dimensional solutions can be found in [1] , but the higher-dimensional cases have been less extensively investigated. Various classes of higher-dimensional solution have been obtained, including black holes that generalise the four-dimensional Schwarzschild, Reissner-Nordström and Kerr solutions.
In this paper, we shall obtain a rather wide class of Einstein metrics in arbitrary dimension D ≥ 4, which can be viewed as generalistions of a class of four-dimensional metrics obtained by Plebanski [2] . The four-dimensional Plebanski metrics are given by
where
They are solutions of the coupled Einstein-Maxwell equations with a cosmological constant λ, and with electric and magnetic charges given by e and g. We shall restrict attention to the case of pure Einstein metrics in this paper, and so we set e = g = 0. The remaining constants (γ, m, ℓ, ǫ) effectively comprise 3 real continuous parameters and one discrete parameter, since one can always make coordinate scaling transformations to absorb the magnitude of, say, the dimensionless constant ǫ. Thus one may view (γ, m, ℓ) as continuous parameters, and take ǫ = +1, −1 or 0. The constants (γ, m, ℓ) are related to the angular momentum, mass and NUT charge. Special cases of (1) include the Kerr-de Sitter solution and the Taub-NUT-de Sitter solution.
Our higher-dimensional generalistions of the e = g = 0 metrics (1) make use of a construction analogous to one that was employed also in [3] , where higher-dimensional Kerr-de Sitter metrics with a single rotation parameter were obtained by generalisation from the well-known four-dimensional Kerr-de Sitter metric. 1 We shall first present our higher-dimensional metrics, and then indicate how the verification that they indeed solve the Einstein equations can easily be performed. Our metric, in D = k + 4 dimensions, is given by
and dΩ 2 k = g ij dx i dx j is an Einstein metric on a space of dimension k, normalised so that its Ricci tensor satisfies R ij = (k − 1) g ij . One might, for example, take dΩ 2 k to be the metric on the unit sphere S k . We find that the metric dŝ 2 given by (3) is Einstein, satisfyinĝ
The verification of the Einstein equations can be performed rather straightforwardly in a coordinate basis. From (3), and decomposing the coordinate indices as M = (µ, i), we may write the components of the D-dimensional metric aŝ
where g µν is the four-dimensional Plebanski-type metric with the modified functions X and Y given in (4). It is easily seen that the non-vanishing components of the affine connection
Here, the explicit index values 1 and 2 refer to the q and p coordinates respectively. From these expressions, it is straightforward to substitute into the expression for the curvature, and hence to verify that (3) satisfies (5).
The arbitrary-dimensional Kerr-de Sitter metrics with a single rotation parameter a, which were obtained in [3] , arise as special cases of our more general Einstein metrics.
Specifically, if we take the parameters in (4) to be
and define new coordinates according to
where Ξ ≡ 1 + λ a 2 , then (3) reduces precisely to the metrics obtained in [3] . The more general solutions that we have obtained include the NUT charge ℓ as an additional nontrivial parameter, when D = 5.
The case D = 5 is somewhat degenerate in the above construction, in that the ostensibly additional NUT parameter ℓ is fictitious in this case. This is easily seen from the expressions for the metric functions X and Y in (4) when k = 1:
One can absorb the parameter ℓ by means of additive shifts in the constants γ and m. Since a constant scaling of the S k metric dΩ 2 k in (3) is irrelevant when k = 1, the upshot is that our construction in D = 5 is equivalent to the one where the NUT charge ℓ is set to zero, thus reducing to a case already considered in [3] . In all other dimensions D ≥ 4, the NUT charge is a non-trivial additional parameter.
It is also of interest to consider Einstein metrics of positive-definite signature. We can perform such a "Euclideanisation" of the metric (3) by making the the following analytic continuation:
The metric (3) then becomes
It was shown recently in [5] that after Euclideanisation, the higher-dimensional Kerr-de
Sitter metrics with a single rotation parameter that were found in [3] yield, in a special limiting case, complete Einstein metrics that extend smoothly onto non-singular manifolds.
Since our more general Einstein metrics encompass those in [3] , they certainly admit the same non-singular complete metrics as special limiting cases. However, the additional NUT charge parameter that we have in our new metrics in D ≥ 6 provides additional possibilities for obtaining complete, compact Einstein metrics, as we shall now show.
The metrics (12) are of cohomogeneity two, since the metric functions depend on both the coordinates p and q. 2 In a compact metric, the endpoints in the ranges p 1 ≤ p ≤ p 2 and q 1 ≤ q ≤ q 2 of the p and q coordinates will be defined by degenerations of the metric, corresponding to collapsing of the principal orbits. This can occur at zeros of ∆ p or ∆ q , or at p = 0 or q = 0. Although the possibility of obtaining compact non-singular metrics of cohomogeneity two cannot be immediately excluded, it is certainly the case that nonsingularity is most easily achieved by reducing the cohomogeneity to degree one, and so we shall make this assumption in the discussion that follows. It can be achieved by choosing the parameters so that the coordinate range for either p or q shrinks to zero; i.e. p 1 = p 2 , or
It turns out that for regular solutions, we should arrange to shrink the coordinate range for q, by choosing the parameters so that ∆ q has two roots that coalesce at q = q 0 :
where ∆ ′ q denotes the derivative of ∆ q with respect to q. It is useful to re-express (γ, m, ℓ, λ) in terms of dimensionless parameters (g,m,l, L):
The conditions (14) for the double root can conveniently be used to solve for ǫ andm in terms of q 0 :
Moving slightly away from the double root, by displacingm slightly fromm 0 , we now definẽ
where c −1 ≡ (k + 3)L − (k − 1)g, and then send δ → 0. We find that in this limit the metric becomes
This metric can be recognised as the n = 1 special case of the class of cohomogeneity-one
Einstein metrics obtained in [6] , having a base Einstein-Kähler manifold K 2n of dimension 2 We are not concerned here with any cohomogeneity that might be associated with the k-dimensional Einstein metric dΩ 2 k if it were not taken to be a sphere or any other homogeneous metric. For simplicity, and without losing any essential generality, we shall consider dΩ 2n, with fibres that involve a complex line bundle over K 2n and an additional S k warpedproduct factor. The conditions for regularity of such metrics were analysed in detail in [6] .
Applied to our n = 1 case where K 2 = S 2 , these results show that compact non-singular Einstein metrics can be achieved by choosing the parameters so that r ranges either from 0 to r 0 , where ∆ p (r 0 ) = 0, or else by choosing the parameters such that r ranges between two distinct positive roots r 1 and r 2 of ∆ p . The former requiresl = 0, and was in fact obtained in [5] as a limit of the single-rotation Kerr-de Sitter metrics; in this case, it is essential for regularity that the metric dΩ 2 k be the round metric on S k . The latter requiresl = 0. It was obtained in [6] by starting with a cohomogeneity-one metric ansatz, but here we have shown how it arises as a limiting case of the more general higher-dimensional Kerr-Taub-NUT-de Sitter metrics that we have constructed in this paper. (In this case, since the coefficient of dΩ 2 k is everywhere non-vanishing, one can choose any regular Einstein metric for dΩ 2 k .) The higher-dimensional Einstein metrics we have found in this paper generalise the single angular-momentum Kerr-de Sitter metrics obtained in [3] by the addition of a NUT charge parameter. It would be interesting to see whether analogous NUT generalisations exist for the general Kerr-de Sitter metrics obtained in [4] .
